The topological classification, by conjugacy, of the germs of holomorphic diffeomorphisms /: C2 , 0 -► C2, 0 with df(0) = diag(A-, X2),
Introduction
In this paper we study germs of holomorphic vector fields X: C3, 0 -» C3, 0 such that:
(i) 0 is an isolated singularity,
(ii) DX(0) = diag(A-, fa, fa) with fa ^0, pfa + qfa = 0, p, q relatively prime and A3/A-, A3/A2 <£ R.
Any such vector field is normally hyperbolic. Consider the foliation A?x induced by the differential equation ÏÂL=X(Z), Z£C\0, T£C, in a neighborhood of 0 £ C3. The problem is to describe and to classify these foliations in a neighborhood of the singularity. Here we consider the topological description of A?x .
This note is divided in five sections:
(I) Formal classification (II) Center manifold and holomorphic normal form (III) Study of the holonomies (IV) Normally hyperbolic diffeomorphisms in C2, 0 with resonance-topological classification (V) The problem of the topological classification for the foliation AFx ■ Firstly in §1 we present the formal classification. We prove that the formal normal form is {x = x(A, + ax • xPyi + ■■■ + ak(xPy<i)k), y = y(fa + bx ■ xPy" + ■■■ + bk(xPyq)k), z = faz.
The solutions of this equation are obtained by means of the singular transformation u = xpyq ; v = xrys, ps-qr* = 1 which will transform it into a vector field of type saddle-node.
The formal normal form always has the invariant subspace {z = 0} = C2xy . Then all foliations A?f have a formal invariant surface corresponding to this. In §11 we give an example of a holomorphic vector field which does not have a holomorphic invariant surface corresponding to this formal one.
Then, we prove that this class of foliations has the following holomorphic normal form: {x = fax + xpyq • A(x, y, z), y = fay + xPy" ■B(x,y,z), The saddle-resonant in C2 have a well-known structure; the topological classification was obtained by C. Camacho and P. Sad in [1] ; the analytic classification (as the differentiable ones) by J. Martinet and J. P. Ramis in [3] .
The holomorphic normal form X has the three coordinate axes invariant, and they are the only séparatrices of the foliation.
We denote their holonomies by Hx,x', Hx,y and Hx,z (where Hx,. is the holonomy of A?f with respect to the axis).
The main objective of this note is to prove Theorem B. The holonomies give no obstruction for A?x to be topologically equivalent to a foliation of product type.
The diffeomorphisms of holonomy Hx<¡,x and HXoy (X0 is a vector field of product type) are diffeomorphisms of C2, 0 that satisfy:
(1) The linear part has eigenvalues fa , X2 such that A" = 1 ; 0 # IA2I ^ 1 (for some n : natural number).
(2) They have the two coordinate axes invariant.
In the axis corresponding to the eigenvalue Xx we have a diffeomorphism of C, 0 with linear part multiplication by a root of unity.
The dynamics of these diffeomorphisms is well known; see [2] where one can find their topological classification; in [3] one finds the analytical and differentiable classification.
The diffeomorphisms of C2, 0 with X\ = 1 and |A2| ^ 1 are normally hyperbolic, then applying the results of J. Palis and F. Takens (see [5] ) we obtain that the holonomies HXotX and HXo,y are topologically conjugate to diffeomorphism of the form (x, y) >-* (Xix + xkn+l, X2y).
In §111 we study the diffeomorphisms /: C2, 0 -» C2, 0 with eigenvalues fa , fa such that A" = 1 ; \fa\ ^ 1 (normally hyperbolic with resonance).
There exist diffeomorphisms of this class that have no holomorphic invariant curve tangent to the direction corresponding toAi (see §111, (b)).
By the Center Manifold Theorem we can choose an /-invariant curve S of class Cm where m can be taken arbitrarily large (see [7, pp. 64-67] ).
If we take m sufficiently big we can determine the dynamics of fi\S by the results of Dumortier, Rodrigues and Roussarie (see [6] ).
In this way we obtain the topological classification of these diffeomorphisms.
Theorem A. Let f: C2, 0 -» C2, 0 a holomorphic diffeomorphism.
Suppose df(0) = diag(Ai, A2) with X"x = 1 and |A2| # 1.
Then fi is topologically conjugate to
where k is the order of the first resonance of fi.
Finally, although the holonomies give no topological obstructions for the foliation to be topologically a product, we cannot yet prove this.
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I. Formal classification
Consider an equation X, with the hypotheses given in the introduction. It is well known (see (4) then X and Y are analytically conjugate (see [4] ). In this case AAFX is given by the equation
where u = xpyq , and /: C, 0 -» C, 0 is holomorphic. Note that G(x, y, z) = xpyq is a first integral for this equation.
II. Center manifold and holomorphic normal form
We have seen that the class of vector fields in study has the formal normal form Y. Then ^ is a product type foliation with {z = 0} invariant. Thus all vector fields X have a formal invariant surface corresponding to {z = 0} .
We present now an example of a holomorphic vector field which has no invariant surface of the type z = <p(x,y), tp(0,0) = Dtp(0,0) = 0, tp holomorphic in a neighborhood of 0 e C2. For n = k+1 :
w^_l(1 + ^0+(*_^(1+...+(1 + îî))...).
Then, we can verify that
So, tp has a divergent power series, and is not a holomorphic germ.
Remarks.
(1) The coefficient jXx + kX2 -A3 of tp¡k in equation (E.2) is never zero but it has minimum module when (j, k) = n(p, q) n > 1. The idea for obtaining divergence is to take the subseries of the coefficients tpjk corresponding to the minimum of \jXx + kX2 -A3I.
(2) The divergent series that we obtained in the example diverges as £ k\xk . Then it is Gevrey of order two, and we can prove that it belongs to C{x }[[>]] n C{j} [[x] ] ; see [3] . In the following we obtain the best holomorphic normal form for the class of foliations in study. • if ve i (ypxy\) then gjQ = 0 and hjQ = ((Q,A)-Xj)~l (coefficient of yQ in the right member of (Ej)).
• if yQ £ (ypxy\) then hjQ = 0 and gjQ = coefficient of yQ in the right member of (Ej). Note that yQ <£ (yxy^) if and only if qx < p or q2 < q .
Then there exists S > 0 : cte. such that \(Q,A)-Xj\>ô-\Q\ V/=l,2,3;Vß,|Q|>2.
In the following we use only that |«2,A)-A;|>á>0 for Q such that yQ i (ypxy\). is a majorant for u (see [4] ).
So u is holomorphic and consequently H(y). As gjiy) £ (ypyq) we can write gj(y) = ypxy\ • gj(yi, yf). Thus Y is in the form enunciated in the proposition.
III. Study of the holonomies
The holomorphic normal form given by Proposition 1 of §11 has the coordinate axes invariant. Now we compute their holonomies. Note that fe2nU2/M)<l = I and |e2re«A3/Ai| _¿ j Thus, HXtX is a resonant, normally hyperbolic diffeomorphism of C2, 0. The axis y = 0 is invariant by Hx¡x , and HXyX restricted to it is linear (a contraction or an expansion).
The axis z = 0 may or may not be invariant by HXx. We can construct examples where no holomorphic invariant curve (tangent to the y-axis) by HXx exists, e.g. take the holonomy of the equation considered in the example of §11.
(c) Holonomy of the y-axis. Making y = e'e and proceeding analogously to case (b) we obtain the diffeomorphism Hx<y(x, z) = (e2na'/hx + xph(x, z),e2nihlhz + xph(x, z)).
Note that re27iU,/À.2\P = \ \e2xU3/i.¡\ _¿ j_ So HXy has the same properties as HXx .
Remark. If the foliation A?~x has a holomorphic center surface (tangent in 0 to the C2y-plane) then the holonomy Hx,x (and Hx,y) has one holomorphic invariant curve (center manifold) tangent to the Cj,-axis. In this case Hx,x has the form (y,z)^ (e2nil^y + yqh(y, z), e2*a>¡Xi z + zyqg(y, z)).
In the invariant axis {z = 0} we obtain the diffeomorphism (y, 0) H+ {tP*t**lby + yqh(y, 0), 0). This is a diffeomorphism of C, 0 with linear part a root of unity. The dynamics of these diffeomorphisms is well known, they have a dynamic like a flower (see [2, 3] ) (see Figure 1) .
In this way, a foliation of product type like A?~Xo, has the following picture for their holonomies. (See Figure 2. )
In Si we have the illustration shown in Figure 3 . In Z2 we have the illustration shown in Figure 4 . In Z3 we have the illustration shown in Figure 5 .
In Z-and Z2 we are in presence of normal hyperbolicity, with known dynamics in the center manifold. is topologically conjugate to G(y, z) = (e2*ihix'y + yqh(y, 0), e2*a^z).
But, by the classification theorem of Camacho (see [2] ) G is topologically conjugate to We can choose coordinates in C2, 0 relatively to which / is written as fix, y) = (fax + xqä(x, y), X2y + xqß(x, y)).
In this system of coordinates the Cy-axis is invariant. As we have already observed, in some cases there does not exist a holomorphic center manifold invariant by /. In this case we ask about the existence of an invariant curve for / which is differentiable of class Cm , and how large we can take m.
By the Center Manifold Theorem (see [7, pp. 64 -67]) we have always an invariant curve S for /, tangent to the x-axis through 0 in C2, and this curve can be chosen with class of differentiability m, m as large as we want (if m increases the neighborhood in which S is defined decreases).
This invariant curve is of the form S = {(x,y)\y = u(x); u: C, 0 -> C, 0 is of class Cm}.
Note that we cannot assert that S is unique. But we know that two invariant curves S and S' of class Cm are such that fi\S and f\S' have the same dynamics. Now, using the Normal Hyperbolicity Theory of Palis and Takens (see [5] ) we have that the dynamics of / in a neighborhood of 0 e C2 depends only on the dynamics of f\S, from the topological point of view.
A natural question now is: What is the dynamics of f\S ? The answer is given by the following theorem.
Theorem (Dumortier, Rodrigues, and Roussarie [6] ). Let f: C, 0 -> C, 0 a germ ofi dififieomorphism of class Cm with f(z) = Xz + a-zk + 0(\z\k), X" = l,a¿0,k>2.
Suppose m > k. Then f is topologically conjugate to z i-> Xz + zk .
If m is big enough we can take k = ln + l for some / > 1. (/is the order of the first resonance.)
With these results we can prove the following: where Rx = o(\(x, y)\kq+l). Now, we can choose an invariant curve for / of class Cm , through 0 in C2 and tangent to the C^-axis in 0, with m > kq + 1 (see [7, pp. 64-67] ).
This invariant curve is defined by S = {(x,y)\y = u(x), u(x) = ukqxkq + r(x) ; r(x) = 0(\x\kq), r of class Cm}.
Then f\S is given by f(x, u(x)) = (X\x + akxkq+l +Ri(x, u(x)), X2u(x) +xqR2(x, u(x))).
In this way, we obtain that f\S is a diffeomorphism of R2, 0 of class Cm defined by the expression: (C,0)«(R2,0)^R2,0, x -> A-x + akxkq+l + Rx(x, u(x)).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use By the theorem of Dumortier, Rodriques, and Roussarie we get that f\S is topologically conjugate to x -> Xxx + xkq+l.
Finally, by the normal hyperbolicity we have that / is topologically conjugate to (x,y)^(Xxx + xkq+l,X2y).
V. The problem of the topological classification for the foliation AFx
We are interested in the description of the foliation AFx. , when X is any holomorphic normal form given by Proposition 1 of §11.
If two foliations A?x and A?y are topologically equivalent, then their holonomies are topologically conjugate.
So, by Theorem A of §IV we see that all equations in study have holonomies of one of the two types:
• saddle-hyperoblic (holonomy of the Cz-axis), or • normally hyperbolic (holonomies of the Cx and Cy axes).
In the second case they have dynamics like a product of a "flower" in the center manifold with a linear contraction or expansion.
As the foliations type product (like A?f0 ) have these same types of holonomies we can resume these facts in the following.
Theorem B. The holonomies of the séparatrices of A?~x give no obstructions for the foliation to be topologically equivalent to a product type foliation.
